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Abstract—My research explores the strong connection between
the degrees of large cardinals and the forcings to reduce them as
finely as one degree. I am more recently interested in a similar
idea applied to the finite realm exploring worlds where we mute

the creative ability of a prime number.

I. INTRODUCTION

Almost every large cardinal studied so far comes with
degrees of its existence, or seems to have the potential for
degrees. For example, Mitchell rank for measurable cardinals
provides degrees for measurable cardinals. I showed how to
precisely define the higher degrees of inaccessible cardinals
and Mahlo cardinals. Gitman and Habi¢ showed how to define
degrees of Ramsey cardinals. I also showed how to define a
Mitchell rank for supercompact cardinals.

Along with the degrees of a large cardinal comes the
forcings which can kill a large cardinal to any desired degree.
It is not yet known if for every degree of a large cardinal
there is a forcing to kill it so that in the forcing extension
it has the desired maximum rank or degree, but so far they
seem to go hand in hand. There are many killing-them-softly
like results in set theory where in the forcing extension, a

large cardinal’s power has been reduced. For example:

Theorem 1 (Hamkins/Shelah): If k is 6-supercompact
where k£ < 6 and 6<% = 0, then there is a forcing extension

where & is #-supercompact but not §*-supercompact.

Theorem 2 (Magidor): If k is strongly compact, then there
is a forcing extension where « is strongly compact, but not

supercompact.

Here is an image showing the inevitable degrees of
inaccessible cardinals. A 1-inaccessible cardinal is a limit of
inaccessible cardinals, a 2-inaccessible cardinal is a limit of
1-inaccessible cardinals and so on. We will see a result about
softly killing inaccessible cardinals as well as a similar result

for degrees of supercompact cardinals.
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We extend the ideas of the killing-them-softly phenomenon
in the degrees of large cardinals, and the general forcing and
large cardinal genre of destruction and preservation, to the
finite world and begin killing primes. We see what happens

when we halt the creative ability of primes: we get new primes.



II. KILLING DEGREES OF LARGE CARDINALS

There are many theorems about killing degrees of large
cardinals softly. There are two parts to this area of research:
defining the degrees of the large cardinals and creating the
forcings which reduce the degree of a large cardinal to
any desired level. In my PhD thesis, I defined the higher
degrees of inaccessible cardinals and defined the Mitchell rank
for supercompact cardinals, analogous to Mitchell rank for
measurable cardinals. Let us see the definitions of degrees of
inaccessible cardinals and supercompact cardinals, but there
are many more degrees of large cardinals and accompanying
killing-them-softly theorems.

1) Inaccessible Cardinals: An uncountable cardinal s
is inaccessible if and only if x is a regular, strong limit
cardinal. A cardinal x is /-inaccessible if and only if k is a
limit of inaccessible cardinals. A cardinal x is a-inaccessible
if and only if  is inaccessible, and for every 5 < «, the
cardinal k is a limit of B-inaccessible cardinals. If k is
k-inaccessible, then x is called hyper-inaccessible. Once we
get to this level, we need to relativize because there cannot
be a « + l-inaccessible cardinal even though the degrees
keep going. To get to the next degree, use the symbol €2, the
symbol for the class of ordinals, so that x is k-inaccessible
if and only if x is -inaccessible. Then we can define a
1-Q-inaccessible cardinal x to be a limit of {2-inaccessible
cardinals. Continue in this way until we get to a cardinal &
which is € - k-inaccessible (i.e. hyper®-inaccessible). To go
to the next step, define x to be richly-inaccessible if and only
if x is 2%-inaccessible. Here are a few of the first few classes
of inaccessible cardinals described with this notation system:
k is Q-inaccessible <= & is hyper-inaccessible
K is Q2%-inaccessible <= & is richly-inaccessible
x is 23-inaccessible <= & is utterly-inaccessible
K is 23 - 2-inaccessible <= & is utterly?-inaccessible

K is 2*-inaccessible <= & is deeply-inaccessible

K is Q°-inaccessible <= & is truly-inaccessible

x is Q0-inaccessible <= & is eternally-inaccessible

K is 27-inaccessible <= & is vastly-inaccessible

kis QT+ Q8 + 05 + O + Q3 + Q% + Q + a-inaccessible
<= K is hyper-richly-utterly-deeply-truly-eternally-vastly-

inaccessible

This notation system is for meta-ordinals. This system
is like Cantor’s normal form for ordinals, but instead of
w we use {2, a symbol for the order-type of Ord. The
degree of any inaccessible cardinal is denoted by ¢, a formal
syntactic expression for a meta-ordinal of the form Q¢ - 8
+ QT-y+ -+ Q-0+ 0 where 3,7,6,0 € Ord. If & is
t-inaccessible, then the only restriction on the meta-ordinal
t is that all of the ordinals in ¢ are less than or equal to

k. In this way, inaccessible cardinals with the same degree

of inaccessibility can be described with the same meta-ordinal.

The most general theorem for killing degrees of inaccessible

cardinal is the following.

Theorem 3: If k is t-inaccessible, where ¢ is a meta-ordinal
term having parameters less than r, then there is a forcing
extension V[G] where x is t-inaccessible but not ¢ + 1-
inaccessible.

In the proof, we first force the GCH if needed, then force to
add a club C' which contains no t-inaccessible cardinals, and
then use Easton forcing to kill all the strong limits that are not
limit points of C so that « is no longer ¢ + 1-inaccessible (but

we show that x is still ¢-inaccessible by a density argument).

2) Supercompact Cardinals : An uncountable cardinal
K is O-supercompact if and only if there is an elementary
embedding j : V — M, with critical point x and M " C M,

where k < 0 < j(k). Equivalently, x is 6-supercompact if and



only if there is a normal fine measure on P, (). A cardinal x
is supercompact if and only if it is f-supercompact for every
0> k.

To see degrees of  a f-supercompact cardinal, with witness
j 'V — M, look inside M and ask if k is f-supercompact

there.

As for measurable cardinals, an analogous rank to Mitchell
rank can be assigned to supercompactness embeddings. Sup-
pose a cardinal x is #-supercompact for fixed 6. If p and v
are normal fine measures on P,.0, define the Mitchell relation
W <g—se v if and only if p € M, where 57 : V — M,
is an ultrapower embedding by v. Since the relation <lg_g.
is well-founded for given x and 6, the Mitchell rank of pu
is its rank with respect to <ly_s.. Thus for fixed x and 6,
the notation 0p_s.(k) = « means the height of <p_s. on
normal fine measures on P, is «. By definition, 0g_g.(k)
is the height of the well-founded Mitchell relation <lg_g.
on m(k), the collection of normal fine measures on P.6.
Thus, the definition of rank for p1 € m(x) with respect to
g—sc 18 0g—sc(p) = sup{og—sc(v) + 1 | v <g_sc p}.
Thus o0g—sc(k) = sup{og—sc(n) + 1 | p € m(k)}. So that
0g—sc(k) = 0 means that x is not #-supercompact, and
0g—sc(k) > 0 means that x is f-supercompact.
theorem considers the case of

The most general

softly killing Mitchell rank for #-supercompactness for 6-

supercompact cardinals £ when 6 > k.

Theorem 4: For any V = ZFC + GCH, any © : ORD —
ORD and any F' : ORD — ORD, there is a forcing extension
V|G] where, if k is ©(k)-supercompact, © | k represents
O(k), F | k represents F(x) in V, and ©”’k C k, then
06 () —sc(1) V19 = min{oe(x)sc(%)", F(r)}.

I gave a talk at the recent APA/ASL meeting in Chicago

and gave a graphic novel-like proof outline for this theorem:
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III. KILLING PRIMES

What makes primes so special and intriguing? Prime num-
bers have two major features: they are creative and they are
unique. Primes are unique because a prime number p has only
two positive integer factors, namely 1 and p. Primes are also
very creative. The fundamental theorem of arithmetic says that
every positive integer can be written as a product of primes.
Thus, the creativity of the primes gives us of all the rest of the
natural numbers. In M, we see what happens when we pause
or mute the creative ability of a prime number.

In M, instead of numbers, there are structures made of
prime blocks. M is constructed in such a way that the prime
numbers of V' are the prime blocks of M.

In M, we have the absence of blocks, the nothing block,
which we interpret as 0. So, the nothing block in M is
interpreted as O in our world. Then, in M, we are given [],
which we would interpret as 1 in V. Just like in our world,
we will not think of UJ as a prime block. In M, we can only
build with prime blocks. And all number structures will have

a rectangular shape. Next, we are given

[mm]

which is the 2-block in M, which we interpret as 2 in V.
Since we cannot make a 3-block from the 2-block, we need a

new prime block at the next stage, the 3-block.

o

We can use the 2-blocks to make 4.

B

And this is how all of the number structures look in M.
They are rectangular shapes with a prime base. The prime
base of the 4-structure is the 2-block. Since we can’t make
a rectangular shape for 5 with either the 2-blocks or the 3-

blocks, we will need to ask for a new prime block. At any

stage, if we cannot make a rectangular shape for the number
structure from previous prime blocks, we can ask for a new
prime block.

Here are the structures in M for 1 through 11.

[na
o @ oo B om % i
\\4_/
\ 1 3 4 S s
AN T
TT‘\\\WN\’
B om B
oo 68 i B A S o
Q 77F/ N
7 6 & \0

What happens when 2 cannot be used as a prime base? Will
another prime block appear? Looking at this extension through
the eyes of V, everything will seem the same; we still have all
of the natural numbers and the extension is still closed under
addition and multiplication (and gives the correct result). Let
us flip the 2-block vertically so that it can no longer be used
as a prime block, let us call it a 2-stack.

Let us see what is going on in an extension of M, a
world called M ~2, where there is no 2-block. Besides that
the stable 2-block is now the unstable 2-stack, the main
difference between M and the extension is that when we get
to stage 4, we can no longer use the 2-blocks to build so
we have to ask for a new prime block at this stage. Thus in

M 2, the number structure for 4 is a prime block, the 4-block.
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Here are some of the theorems about killing primes so far:



Theorem 5: If p is prime in M, then there is an extension
M~P where p is no longer prime, and M P |= p? is prime.
In addition, all other prime numbers are preserved in M ~P,

and there are no other new primes.

Theorem 6: If S is a set of n» many primes in M, then in
an extension of M where exactly the primes in S are killed,

there will be 2 — 1 many new primes.

Theorem 7: If P is the set of primes in M, then in
the extension M~ where all of these primes are killed,
there are still infinitely many prime numbers (and infinitely
many composite numbers). In particular, the new primes are
previous composites which are either of the form p?, where
p is prime in V, or have only powers of primes exactly one

in their prime factorization.

Theorem 8: There is an extension of M where a prime
number amount of primes from M are killed and the

cardinality of the number of new primes is also prime.

Theorem 9: If there are infinitely many primes of the form
of p? — 2, then there is an extension of M where the twin

prime conjecture is true.

Theorem 10: If there are infinitely many twin prime pairs
(p,q) in M such that one of the pair (p?> — 2,¢> — 2) is
prime in M, then there is an extension of M where infinitely
many twin primes are killed, but for each one killed there
is at least one more twin prime pair in the extension so that

in the extension there are still infinitely many twin prime pairs.

Theorem 11: If, in M, there is a very large even number e
such that e is not the sum of two primes in M, then there is

an extension N of M, where e is the sum of two primes in V.

IV. WHERE DO WE GO FROM HERE

Here are some future research projects and interests:

e A main interest is the targets of extendible cardinals -

which I like to call abiding cardinals. A cardinal « is
an abiding cardinal if there is an 7 < k such that 7 is
extendible with target . [ would like to see what happens
if we define degrees of abiding cardinals by counting the
number of extendible cardinals of which it is the target.
Another topic I would like to focus on is Vopénka’s
principle. Vopénka’s principle says that if there is a
class of models in the same language, there is a pair
of models where one can be elementarily embedded in
the other. Vopénka’s principle is a large cardinal notion
and if the principle holds then an extendible cardinal
exists. Vopénka’s principle is philosophical and romantic
in nature. I would like to see if there are degrees of
the principle and how Vopénka’s principle interacts with
forcing.

I would like to focus on forcing and the philosophy of
forcing especially as it pertains to the killing of individual
degrees of large cardinals. I would like make a list and
categorize the forcings used to softly kill large cardinals.
I would like to make a clean sweep of all of the known
large cardinals that have degrees and see if we can force
to gently kill them. I would like to compile a list of all
theorems, large cardinals, and forcings that fit the theme
of precisely making a cut in the large cardinal hierarchy
with forcing.

I would like to write about {2 philosophically and his-
torically, and discuss the large cardinal properties of 2
and see if we can somehow force to softly kill its large

cardinal properties.



o I would like to finish my book The Set Theory Guide for

Artists. There are 7 chapters total: Infinity, The Axioms,

Set Formation, Large Cardinals, Forcing, Independence _ a8 /}i ° o
Va ! X

of CH, Forcing and Large Cardinals. I am currently in s el e Q\

Chapter 4 (posted on substack as it is written). Here

are some of the images from the book. The first is an

Aronszajn tree, and the second is a Ramsey cardinal.

P

REFERENCES

Lol

[11 Apter/Gitik, The least measurable can be strongly compact and inde-

=
-

T S
Jr P S S T I s i t . J[-
$bidd egl;',.f'.lf.’ll;il dbeebedded bbbl

structible. The Journal of Symbolic Logic, vol. 63, no. 4, pp. 1404-1412,

.
|
|
|
& =
&

December, 1998.

_f‘ / 7 [2] Carmody, Killing them soflty: degrees of inaccessible and Mahlo cardi-

FEL LA nals. Mathematical Logic Quarterly, vol. 63, iss. 3-4, November 2017,

i pp. 256-264.
. \ i 1 [3] Carmody, Mitchell Rank for Supercompactness - submitted for publica-
I 1 W\ I O—‘—-—f’-ﬁ Uiy tion arXiv:2602.08852 [math.LO] 2026.
ﬁ, 7 ‘ le ‘,7 T ¢ ‘ f J‘ W [4] Carmody, Killing primes https://erincarmody.substack.com/p/killing-
Iy RPvIReetertystnney

édeddls primes| 2026.

: T K [5] Carmody/Gitman/Habi¢, A Mitchell-like order for Ramsey and Ramsey-

I \ 3 like cardinals. Fundamenta Mathematicae, vol. 248, 2020, pp. 1-32.

Nt ! ; [6] Easton, Powers of regular cardinals. Annals of Mathematical Logic 1,

) . i T 139-178, MR 42 #4392, 1970.

A N ' ‘ [7]1 Fuchs, Personal correspondence, May 2014.
@ v 8 o g Wi 8

—_

Gaifman, A generalization of Mahlo’s method for obtaining large

f cardinal numbers. IIM 5, 188-200, 1967.

nﬁr%jn erjnﬂfnmr} ﬂljﬂ ?

[10] Hamkins, Forcing and Large cardinals, based on CUNY set theory
lecture 2004.

—

Gitman, Ramsey-like cardinals. Journal of Symbolic Logic, vol. 76, iss.

2: 519-540, 2011.

[11] Hamkins, Destruction or preservation: as you like it. Annals of Pure

and Applied Logic, vol. 91, iss. 2-3, pp. 191-229, 1998.
[12] Hamkins, Answer mathoverflow question, mathoverflow.net Forcing

e o ‘ ‘
mildly over a worldly cardinal. May 7, 2013.

I
s & i i
m H'_.L A, - ; [ ; [13] Hamkins, Extensions with the approximation and cover properties have
b0 6 O ooo_looc 4ddl ®e8c 2

no new large cardinals. Fundamenta Mathematicae 180(3):257-277,

/ & ', 2003.

[14] Hamkins, A multiverse perpective on the axiom of constructibility.

Infinity and Truth, Vol. 25, 2013.

[15] Hamkins, Joel David (2020) Proof and the art of mathematics. Cam-

bridge, Massachusetts: MIT Press.
\ N \ v A
k LB i WNw, [16] Hamkins, Joel David (2020). Lectures on the philosophy of mathematics.

Cambridge, Massachusetts: The MIT Press.


https://erincarmody.substack.com/p/killing-primes
https://erincarmody.substack.com/p/killing-primes

[17]

(18]

[19]

[20]

[21]

[22]

[23]

[24]

Hamkins, Shelah. Superdestructibility: a dual to Laver’s indestructibil-
ity. Journal of Symbolic Logic, vol. 63, iss. 2, pp. 549-554, 1998.
Jech, Set Theory. Third Millenium Edition, Revised and Expanded,
Springer Monographs in Mathematics, p. 120, 2002.

Jensen, Kunen, Some combinatorial properties of L and V. Unpub-
lished, 1969.

Kanamori, The Higher Infinite. Springer Monographs in Mathematics,
2nd edition, 2003.

Magidor, A Study on Identity Crises. Annals of Pure and Applied Logic,
vol. 10, pp. 33-57, 1976.

Mahlo, Uber lineare transfinite Mengen. Berichte Kénig. Sachs. Ges.
Wiss. Leipzig 63, 187-225, 1911.

Mitchell, Hypermeasurable cardinals. In Logic Colloquium ’78 (M.
Boffa et al., eds.), Mons, Studies Logic Foundations Mathematics 97,
North Holland Publishing Co., Amsterdam—New York, 1979, pp. 303—
316. MR 82j:03067; the entire collection MR 81a:03001, 1978.
Schanker, Weakly measurable cardinals. Mathematical Logic Quarterly

57 (3): 266280, 2011.



	Introduction 
	Killing degrees of large cardinals
	 Inaccessible Cardinals
	 Supercompact Cardinals 


	Killing primes
	Where do we go from here
	References

